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Abstract 


In this study, we introduce some special ruled surfaces according to the Flc frame of a given poly- 
nomial curve. We name these ruled surfaces as TD», TD, ve D2D, Smarandache ruled surfaces 
and provide their characteristics such as Gauss and mean curvatures in order to specify their de- 
velopability and minimality conditions. Moreover, we examine the conditions if the parametric 
curves of the surfaces are asymptotic, geodesic or curvature line. Such conditions are also argued 
in terms of the developability and minimality conditions. Finally, we give an example and picture 
the corresponding graphs of ruled surfaces by using Maple 17. 
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1. Introduction 


The theory of curves and surfaces with its vast application and field of study is an important subject 
of differential geometry. Surfaces, especially, have potential to provide solutions to the real world 
problems as the technological developments are continuously advancing and letting them to be 
more integrated in. As a special kind, the ruled surfaces introduced first by G. Monge are very pop- 
ular since they are easy to be handled in computational sense. These surfaces are widely referred in 
the fields such as kinematics, architectural designs, computer aided geometric designs (CAGDs), 
etc. For example, the kinematic characteristic of a spatial motion particle can be explained by ruled 
surfaces and their corresponding orthogonal frames (Karger and Novak (1978)). The examples of 
ruled surfaces are also found in important architectural structures like the Ciechanow water tower, 
Kobe Port Tower, Shuckhov tower, and so on. In the geometric point of view, a ruled surface is 
defined to be family of lines as it is formed by a moving line along a given curve. The most famous 
examples of those are cylinders and cones. The extensive use of ruled surfaces lead researchers to 
question some of their characterizations. Topics such as the developability and minimality of ruled 
surfaces, and the characterization of the curves on a ruled surface are the most researched subjects. 


For instance, the cylindrical helix and Bertrand curves on ruled surfaces were discussed by Izu- 
miya and Takeuchi (2003) and they provided the relationships between the cylindrical helix curve 
(respectively, Bertrand curve) and Gaussian (respectively, mean) curvature of the ruled surface in 
Izumiya and Takeuchi (2003). Yu et al. (2014) defined the structural functions of ruled surfaces and 
investigated the invariants, kinematic properties and geometric properties of non-developable ruled 
surfaces. Ruled surfaces accepting the focal curve as a direction curve were examined by Alegre 
et al. (2010) and their various characterizations were discussed. Hu et al. (2020) constructed new 
ruled surfaces by referring Bezier curves. Ozsoy (2019) introduced normal and binormal ruled 
surfaces where the base curve was assigned to be W-direction curve, and by providing the char- 
acteristics of these surfaces, they worked the cases of the base curve as asymptotic, geodesic and 
curvature line. More recently, Ouarab (2021) put forth a new concept on ruled surfaces by utilizing 
the definition of Smarandache curve and introduced new ruled surfaces. Smarandache curves are 
another interested subject of differential geometry. A Smarandache curve is defined to be the linear 
combinations of the vector elements of Frenet frame of a regular curve (Ashbacher (1997)). 


The Smarandache curve was first introduced by Turgut and Yilmaz (2008) in Minkowski space 
and they studied the Serret-Frenet apparatus of it. Ali A.T. (2010) considered these curves in the 
Euclidean space £?. Following these, Cetin et al. (2011) defined new Smarandache curves ac- 
cording to Bishop frame while Bektas and Ytice (2013) worked on these curves according to Dar- 
boux frame. Tasképrii and Tosun (2014) studied Smarandache curves on unit sphere S?. Senyurt 
and Caliskan (2016) defined the N*C* Smarandache curves of Mannheim and Bertrand curve 
pairs according to the Frenet frame respectively. Demircan (2015) presented new Smarandache 
curves according to Type 2-Bishop frame and gave some geometric characterizations of those. 
Mandal (2019) exploited the q-frame to construct Smarandache curves in both Euclidean and 
space. Senyurt et al. (2020) Smarandache curves constructed by the Frenet vectors of spacelike 
anti-Salkowski curve with a spacelike principal normal defined. As already pointed out, Ouarab 
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(2021) exploited the idea of the construction of Smarandache curves and extended the concept to 
the ruled surfaces. She introduced some special Smarandache ruled surfaces according to Frenet 
frame, alternative frame and Darboux frame. 


Motivated by these, in this paper, we have studied some special ruled surfaces according to the Flc 
frame of a given polynomial curve. We name these ruled surfaces as T’D2, T’D, ve D2D, Smaran- 
dache ruled surfaces and provide their characteristics such as Gauss and mean curvatures in order 
to specify their developability and minimality conditions. Moreover, we examine the conditions 
if the parametric curves of the surfaces are asymptotic, geodesic or curvature line. Such condi- 
tions are also argued in terms of the developability and minimality conditions. Finally, we give an 
example and picture the corresponding graphs of ruled surfaces by using Maple 17. 


2. Some Special Smarandache Ruled Surfaces According to Flc Frame in 
E? 


In this section, we introduce some of new special ruled surfaces according to the vectors of Flc 
frame. 


Definition 2.1. 


Let a = a(s) be a polynomial curve in EH and denote {T, D2, D,} as the Fle frame of a. By 
taking the base curve as 7’D2 Smarandache curve and the generator vector as D,, we define T’'D» 
Smarandache ruled surface as following: 


1 
S,U) = T+ Do) +vDy,. 1 
1 (s, v) a ( 2) 1 (1) 

Theorem 2.1. 
The Gauss and mean curvatures of T D2 Smarandache ruled surface denoted by y, (s,v) are given 
by 

Ke= d,” (dz + ds)? 

2 ((ds)° = dy V2vuds3 + (vds)° + dy V2vde + (vdy)’) 
He V2din-? (Xi + V1) + 2d; (dg + dz)? — 2un-?(d3X1 — d2¥1) 


4 ((d1)° —d; V2uds + (uds) +d; V2ude re (vdp)?)*” ’ 


respectively, where the coefficients X,, Y;, 2, are 


v2 v2 /_ V2 V2)’ 
X1 = > (nde)’ — (nds )’ — (nde) — “F-0?deds — (nds) + vn? dids, 
v2 v2 v2 ‘_ v2 
Y= (nds) — “> (nds) — “y-nPdeds — uy?'di de — v(nds) — “> (nd) 
2 sire 2 ee va 
Zy = (nds) + Fadi ds — v (nds) + F-(nde) —v (nde)” — 0 dr do. 
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Proof: 


The first and second order partial derivatives of y; (s,v) with respect to s and v are 


2 2 2 
Yis (s, v) =—1) (Bu +n) T+ (Ya = vi) Dy + On + dz) Dy, 


Piss (8,¥) = — (F (ndz)° + wi (nd1)” + v(nd2) + Ve dads t we (nds) — ound; s) ‘i 
i: (Fwy =< ae (nd3)° - ve dads — und; dg — v(nds) _ ue i?) D, 
si (Peon + an dy — (nds) + +S (ndey —v (nde) — vO Pd, ) Di, 

Yiv (S,v) = Dy, Yisv (8,v) = —ndeT —nd3D2, Yi (s,v) = 0. 

The unit normal vector field of y (s, v) defined by Teal is given in the following: 


(d,;V2 al 2uds) T+ (d,J2+ 2vdz) Dy 


No, = : 
ay) (di)? — dy V2uds + (vdg)? + dy V2vdy + (vde)? 


fl 


For the sake of simplicity, we restate the expression of :1,, as 
Piss (8,0) = AIT + Y4D2+ 2 Di, 
and then, we calculate the coefficients of first and second fundamental forms as 


Bo, = (1s, P18) = es +9? diV2 oe + ane — 1d,V2vds 


1 


Fo, = (P1s) P1v) = fa + ds), Gy, = (Ys Pv) = 1, 
di V2X, + dy V2Y; + 2de Yiu — 2d X10 
2y/(ds)? — di VBvdy + (vds)? + dy V2vde + (vde)? 
nd; (do + ds) V2 
2y/(di)? — di V2vds + (vds)? + dy V2vde + (vds)? 


ep, = (Piss: No.) = 


Tes = (Psu, No.) = = 


Jy, = (Yi, Ny y= = 0. 


Finally, when substituted these relations in Gaussian and Mean curvatures of the ruled surface :1, 
the proof is complete. a 


Theorem 2.2. 


The necessary and sufficient condition for [D2 Smarandache ruled surface, yi (s,v) to have a 
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singularity on the point (so, vo) is that 


V2d, = Vo (ds 7 dg) : 


Proof: 


From the definition (see Do-Carmo (1976)), 1 (s, v) has a singular point, (so, vo) , if and only if 
|\P1s X Yell (So, Vo) = 0. Therefore, 


2 


1 3 1 
\|P1s X Proll (So, V0) = ny (sav tnd =e (542 + tods) =0 (740) 


= V2d; = Vo (ds _ dg), 


which completes the proof. a 
Theorem 2.3. 

Any parametric curve of y (s,v) Smarandache ruled surface is a curvature line if and only if 
dg = —dsg. 

Proof: 


By definition (Do-Carmo (1976)), a parametric curve of a ruled surface is a curvature line if and 
only if F' = f = 0. Thus, we have 


J2 
Fo, = >-n (de + dg) = 0, 


2 
a nd; (do + dz) V2 i 


al (ai)? = dy J2vds + (vds)° + dy V2vde + (vdo)” 


The common solution to the above two relations is that dz = —ds. a 


Theorem 2.4. 


For y (s, v) Smarandache ruled surface: 


(i.) s parametric curves are asymptotic if and only if 


X41 +Y, _ V/2v 
dgX4 = doY, 7 dy 


(ii.) v parametric curves are always asymptotic. 


Proof: 


(1.) S parametric curves are asymptotic on a surface if and only if e = 0, (Do-Carmo (1976)). 
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Therefore, 


Al 2G aay + 2de Yiu — 2d3X 10 0 
e = ae. 


pi 
ay/ (di)? — dy V2vdy + (vdg)? + dy V2vdp + (de)? 
=> EOL, + d,V2Y; + 2do (s) Yu — 2d3X1V =0 
Mpa V2v 
dgX;—dsY, dy 
(ii.) On the other hand, v parametric curves are asymptotic on a surface if and only if g = 0 


(Do-Carmo (1976)). Since it is the case in g,, = 0, v parametric curves on y; (s,v) are always 
asymptotic. : 


Theorem 2.5. 


For Y (s, v) Smarandache ruled surface: 
(i.) s parametric curves are non-geodesic. 
(ii.) v parametric curves are always geodesic. 


Proof: 


(i.) In order for s parametric curves to be geodesic on vy, (s,v) Smarandache ruled surface, the 
following relations should hold: 


—Z (diV2+ 2udz) T + ZI (d,V/2—- 2ud3) D2 


+ (V2d1.X1 = J/2d, Y, + 2doX1V + 2d Y1v) dD, 
IN Sy xX Plss = = 0 


ay/ (di)? — diV2vdy + (vds)? + dyV2vdp + (vde)? 


With some manipulations on this, we get 
— > d,V2+2vud, =0, d,V2—2vd; =0 
= V2d; = vu (ds — dz) 


However, the points satisfying the above relations are the singular ones. Therefore, s parametric 
curves cannot be geodesic on y (s, v). 


(ii.) On the other hand, since Ny, X Yivy = 0, v parametric curves are always geodesic on 
y1 (Ss, v). 5 


Corollary 2.1. 


If any parametric curve of (; (s, v) is a line of curvature, then the surface is developable. 


Proof: 


For the y; surface to be devolapable, kK = 0. This is achieved if the parameter curves on the 
surface are lines of curvature. M 
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Corollary 2.2. 


If any parametric curve of y; (s, v) is asymptotic and d,; = 0, then the surface is minimal. 


Proof: 

For the :~; surface to be minimal, H = 0. This is achieved if the parameter curves on the surface 
are asymptotic and d,; = 0. = 
Definition 2.2. 


Let a = a(s) be a polynomial curve in H® and denote {T, D2, D,} as the Fle frame of a. By 
taking the base curve as 7’'D, Smarandache curve and the generator vector as D2, we define T’'D, 
Smarandache ruled surface as following: 


1 
yo (s,v) = a + Dy) + uDz. (2) 


Theorem 2.6. 


The Gauss and mean curvatures of TD, Smarandache ruled surface denoted by y (s, v) are given 


(d2)” (dy — ds)” 


kK=— ’ 
2 ((d2)° + doV2vds3 (s) + (vds)° + doV2vd, + (vd;)”)” 
yy _2de (di = 5)” + 9 Pda 2( Xo = Ze) + 2047 *(dsX2 + di Za) 
4 ((d2)° + doV2vds + (vds)* + doV2vud; + (vd;)?)?” 
where the coefficients Xo, Yo, Z2 are 
V2 i Ap V2 V2 
X2= —~5 (nde) Sor (ndi)° - oe (ndz)” + a dt ds —vu(nd;) — un? deds, 
V2 V2 , V2 V2 
Yo = a P deds = a dg) — ar as dg —v (nd,)° 7 > (nds) —v (nds)°, 
V2 V2 V2 


£2 4/2 2 : 
WZ) = u(ndz3) + a ds dg = (ndo)” + “a (nde) = (nds) = vn dy do. 


“O° Boy 
Proof: 


The first and second order partial derivatives of 2 (s, v) are 
2 2 2 
Pas (s, v) =—-1 (Se + vi) T+ en (d, = d3) Do + 1) (Sa + vi) Dy, 


oO 
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v2 V2 V2 V2 
Yass ( 5 (nd2) > (nds) ae (nd2)* — aT dads + o(nds) +n’ deds | T 
V2 a 2 25 V2 
Bou *deds + V2 (nds) +7 di dz + (nd)? — “a (nds) +v(nd3)° | De 
V2 V2 , V2 
—P (x nd3) + vera, d3 — og (nd2)” + “a (nda) mca (nds)? — und; dy ) Di, 
P2sv (s, i= —n(d1 fie + d3Dyj), Pav (s S, v) = Dao, Pavv (s, v) = 0. 
Next, the unit normal vector field of ~2 (s, v) defined as ear is calculated by following: 
2s 2u 


No, = —- : 
ay) (de)? + doV/2uds + (vds)” + doV/2vd, + (vd;)* 


2 


For simplicity, we restate the expression this time for 255 (s, v) as 


P2ss (s, v) — XoT + YoD2 + ZoDyj. 


Then, we compute the coefficients of first and second fundamental forms such that 


— 2 2 
2 ; 2 
ess a (Pas; P28) = " (Yu +s) oH + (d, = d3)° n° (Gu vi) , 


(di;—dsg), Gy, = (P20, Pa) = 1, 
Vd Fat don/ DO Xo dan 2 Zo Od X50 
2y/(de)? + deV2vds + v? (ds)? + do V2vd; +0? (d,)? 
ndg (di — dz) V2 
2y/(de)? + deVBvdg + (vds)? + deV2vd, + (ody) 
Go; = Csue, Nex) = 0: 


Fy, = (Yes, Pav) = “gf 


Cp, = (rss, No.) = — 


jes = (Y2sv, Noo) = 


Finally, when substituted these relations in Gaussian and Mean curvatures of the ruled surface yo, 
the proof is complete. rT 


Theorem 2.7. 


The necessary and sufficient condition for [D2 Smarandache ruled surface, 2 (s,v) to have a 
singularity on the point (so, vo) is that 


V 2d» = —UVo (d; + dz) : 
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Proof: 


(2 (s, v) has a singular point, (50, vo), if and only if ||(2, X Ye»|| (so, Vo) = 0 (Do-Carmo (1976)). 
Therefore, 


2 2 
V2 V2 
|G2s X Paull (So, Vo) = 7 (Ya +vod3 } + 5 de + vod; =0 (n¥0) 


=> V2d2 = —u (d; + ds), 


which completes the proof. rT 
Theorem 2.8. 

Any parametric curve of y2(s,v) Smarandache ruled surface is a curvature line if and only if 
d; = dg. 

Proof: 


A parametric curve of a ruled surface is a curvature line if and only if F = f = 0, (Do-Carmo 
(1976)). Thus, we have 


Fo, = end — ds) =0, 
= ndy (dy — dz) V2 aux 
ay) (de)? + doV/2uds3 + (vd3)? + deV2ud; + (vd,)* 
The common solution to the above two relations is that d; = d3, completing the proof. ia 


Theorem 2.9. 


For (2 (5, v) Smarandache ruled surface: 


(i.) 5 parametric curves are asymptotic if and only if 
Xo +r Zo V2vu 


d3X oi i dy, Z2 - dg 
(ii.) Vv parametric curves are always asymptotic. 


Proof: 


(i.) s parametric curves are asymptotic on a surface if and only if e = 0 (Do-Carmo (1976)). 
Therefore, 


ay) (de)? + dyV/2vuds + (vds)° + doV2vd, he (vd,)" 
Xo +r Zo J2v 


> = 
dg Xo arr d1Z> dg 


Ces 
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(ii.) On the other hand, v parametric curves are asymptotic on a surface if and only if g = 0 
(Do-Carmo (1976)). Since it is the case in g,, = 0, v parametric curves on ¥2(s,v) are always 
asymptotic. a 


Theorem 2.10. 

For (2 (s, v) Smarandache ruled surface: 

(i.) s parametric curves are non-geodesic. 
(ii.) v parametric curves are always geodesic. 


Proof: 


(i.) In order for s parametric curves to be geodesic on ~2 (s,v) Smarandache ruled surface, the 
following relation should hold: 


2y/ (de)? + doV2vd3 + (vds)” + doV/2vd, + (vd,)° 


With some elementary manipulations on this, we have 


= 0. 


New xX Pass = 


=> deV24+2ud; =0, deV2+2ud3 =0 
=> V2do =. (d; + dz) 


However, the points satisfying the above relations are the singular ones. Therefore, s parametric 
curves cannot be geodesic on % (s, v). 


(ii.) On the other hand, since Ny, x Ya. = 0, u parametric curves are always geodesic on 
po (S, Vv). 5 
Corollary 2.3. 


If any parametric curve of 2 (s, v) is a line of curvature, then the surface is developable. 


Proof: 

For the 2 surface to be developable, K = 0. This is achieved if the parameter curves on the 
surface are lines of curvature. = 
Corollary 2.4. 


If any parametric curve of 2 (s, v) is asymptotic and dz = 0, then the surface is minimal. 


Proof: 


For the y2 surface to be minimal, H = 0. This is achieved if the parameter curves on the surface 
are asymptotic and dz = 0. = 
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Definition 2.3. 


Let a = a(s) be a polynomial curve in E® and denote {T7', D2, D,} as the Fle frame of a. By 
taking the base curve as D2D, Smarandache curve and the generator vector as 7’, we define D2 D, 
Smarandache ruled surface as following: 


1 
3 (s,v) = fg 2 + Dy) + vT. (3) 


Theorem 2.11. 


The Gauss and mean curvatures of D:D, Smarandache ruled surface denoted by v3 (s, v) are given 


(ds)? (dy + de)? 
2 ((d3)” + dg V2udy + (vdg)” — ds V/2ud; + (vd,))" 


K=- 


2d3 (dy + dz)? a 2un-*(de Ys; — d\Z3) + n 2 d3V2( Y3 + Zs) 


H — 
4 ((dz)° + d3V/2vudp + (ude) = d3V2vud; + (vd;)?)?” 


d 


where the coefficients X3, Y3, 73 are 


J2 , J2 A/D) V2 : 

X= aa (nd2) + a n° dy d3 —v(nd2)? — om *dod3 — > (nd,) —v(ndi)°, 
PE ce af v2 /_ v2 

Yo —~y (nds) ar (nd,)° — a ds dg +v(ndi) — 5 (nds)° — un?dedg, 
v2 v2 v2 V2 as | 

i oa (ndo)* — 5 ds dg — a (nd3)” + un? dy dg + 5 (nd3) + v(nde) . 


Proof: 


The first and second order partial derivatives of :3 (s, v) are 


2 2 2 
3s (S,v) = ae (dg +d,;)T+% (-Pa vi] De+n (Pe + ne) Dy, 


Pass (8,0) = — (Feo = ve a, dg +v (nds) ze ve dg dg + winds) +U i) L 


2 
- (Peo + we (nd) + ve Pa, dz —v(nd1) + ue (nd3)° + waa) ne 
= (? (nd2)° + vO Pa, dg + ue (nd3)” — un? di ds — we (nde) - vin Di, 


Y3sv (8,V) = N(d1D2 + deD1), Yar (s,v)=T, Yau (s,v) = 0. 
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3s x P3u 
IlY3s X P3o| 


(dgV2+ 2udz) Dy + (dsV2 = 2ud;) dD, 
ay) (ds)? + dev Bud; + (vdg)? — dyV2vdy + (vd)? 


Next, the unit normal vector field of 3 (s,v) defined as is calculated by following: 


"3 


For simplicity, we restate the expression this time for 3.5 (s, vu) as 


Pass (8,U) = X37 + Y3D2 + 23D. 


Then, we compute the coefficients of first and second fundamental forms such that 
Th 2 V2 : V2 : 
Fos = (P38, 3s) = 9 (do d;) n 5 dg + vd, n° 5 dz + vde ; 


Fy, = (3s) P3v) = , (dg+di), Go, = (Y3u, ¥3v) = 1, 
2do Vou + dgV2V5 + dgV2Z5 — 2d, Zu 
2y/ (ds)? + dsV/2udy + v2 (do)? — dy V2ud, + v’ (d,)2 
ndg (di + da) V2 
2y/(ds)? + deV2vdy +0? (de)? — doVBud; + v? (dy)? 
Je, = (Pav, Ny,) = 0. 


€y; = (p3ss, Nos) = 


ies = (Y3sv, Nos) = 


Finally, when substituted these relations in Gaussian and Mean curvatures of the ruled surface v3, 
the proof is complete. = 


Theorem 2.12. 


The necessary and sufficient condition for D2D, Smarandache ruled surface, 3 (s,v) to have a 
singularity on the point (so, vo) is that 


V2d3 = Vo (d; = dg) ‘ 


Proof: 


(3 (s,v) has a singular point (so, vo) if and only if ||(93, < Y3u|| ($0, Vo) = 0 (Do-Carmo (1976)). 


Thus, 
2 2 
V2 V2 
Il¥3s X Pull (So, v0) = 7 ez +udg} + “9 os —vd,;| =0 (7 #0) 


=> V2ds3 = V9 (d, _ dg), 


which completes the proof. a 
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Theorem 2.13. 


Any parametric curve of y3(s,v) Smarandache ruled surface is a curvature line if and only if 
dy = —dg. 


Proof: 


A parametric curve of a ruled surface is a curvature line if and only if F = f = 0 (Do-Carmo 
(1976)). Thus, we have 


Fo, = aa + dz) = 0, 
fos = nds (d1 + da) V2 _0¢. 
ay) (ds)? + do V2vdy + 0? (de)? — doV2ud; +0? (dy)? 
The common solution to the above two relations is that d; = —d2, which completes the proof. 


Theorem 2.14. 


For (3 (s, v) Smarandache ruled surface: 


(i.) s parametric curves are asymptotic if and only if 


Ya 343 _ v2u 
djZ3—dgY3 dg ’ 


(ii.) v parametric curves are always asymptotic. 


Proof: 


(i.) s parametric curves are asymptotic on a surface if and only if e = 0 (Do-Carmo (1976)). 
Therefore, 


ps 
ay) (ds)? + d3V/2vudo + v2 (dp)? = d3V2vd, + v2 (d,)° 
erage: ae V2v 
djZ3—deY3 dg 
(ii.) v parametric curves are asymptotic on a surface if and only if g = 0 (Do-Carmo (1976)). Since 
it is the case in g,, = 0, v parametric curves on 3 (s,v) are always asymptotic. : 


e€ = 0 


Theorem 2.15. 


For ~3 (s, v) Smarandache ruled surface: 
(1.) 5 parametric curves are non-geodesic. 


(ii.) v parametric curves are always geodesic. 
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Proof: 


(i.) In order for s parametric curves to be geodesic on ~3 (s,v) Smarandache ruled surface, the 
following relation should hold 


No. sei eou +X (Qud; = d3v/2) Do + (2ude + d3v/2) dD, 9 


2y/ (ds)? + do V2vdy + v? (dp)? — do VBud, + 0? (dy)? 
With some elementary manipulations on this, we have 
=> 2vud; —dgV2=0, 2vd2 + dgV2 =0, 
=> v(d; — dg) = V2dy. 


However, the points satisfying the above relations are the singular ones. Therefore, s parametric 
curves cannot be geodesic on 3 (s, v). 


(ii.) On the other hand, since N,, X 3,, = 0, then v parametric curves are always geodesic on 
~3 (s, v) ¢ | 


Corollary 2.5. 


If any parametric curve of 3 (s, v) is a line of curvature, then the surface is developable. 


Proof: 

For the ~3 surface to be developable, A = 0. This is achieved if the parameter curves on the 
surface are lines of curvature. : 
Corollary 2.6. 


If any parametric curve of v3 (s, v) is asymptotic and dz = 0, then the surface is minimal. 


Proof: 


For the v3 surface to be minimal, H = 0. This is achieved if the parameter curves on the surface 
are asymptotic and d; = 0. : 


3. Examples 


Let us consider a helical polynomial curve parameterized as a(s) = (68,387, 5°). Then the Flc 
frame elements of a are given by 


S 
ra (= — 
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e 3° Q2/s2+1 
D,(s) = (- > ; 


s? + 1(s? + 2) s+ 1(s?4+2) s?+2 


and the corresponding curvatures according to Flc frame are as following: 


2s 2 s 
09 = sae °°" “aes - Tene re 


(i) Thus, we have the parametric form for 7’D2 Smarandache ruled surface as following: 


ato=(2(aa5- mesg) tye 
2 ( 2s )- v 3 (as). 


2 \s?+2 Wst+1(s? +2) Vs+1 2 s+2 


(a) with T’D2 Smarandache curve (b) with striction curve and singular (c) with parametric curves 
point 


Figure 1. 7D 2 Smarandache ruled surfaces from different angles 


(11) Next, the parametric form for 7’D, Smarandache ruled surface is as: 


J2 2 S vs? 
(2 (s,v) = P) + an ) 
2 \s?+2 0 Vs? +1 s* + 1(s? + 2) 
= ( 2s 1 ) vs = ( s? ) QvV/s2 +1 
2 \Vs?+2 vs?4+1 s?+1(s?4+2) 2 


(iii) Last, we parameterize the D2D, Smarandache ruled surface as 


TP) Ss 3? 2u 
3 (s,v) = _ + 2 ’ 
2 \vs? +1 v/s? +1(s? + 2) s+ 2 


J/2 1 ‘i 3? 2us 28? +2 vs? 
2 \vVst?+1 Vs? +1(s2+2)/ 8742’ s?+2 9 s2?+2]° 
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(a) with TD, Smarandache (b) with striction curve and singular point (c) with parametric curves 
curve 


Figure 2. 7D, Smarandache ruled surfaces from different angles 


(a) with Dz D1 Smarandache curve (b) with striction curve and singular (c) with parametric curves 
point 


Figure 3. D2 Dj, Smarandache ruled surfaces from different angles 


4. Conclusion 


In this paper, we have studied some special ruled surfaces according to the Flc frame of a given 
polynomial curve. We examine the conditions if the parametric curves of the surfaces are asymp- 
totic, geodesic or curvature line. Such conditions are also argued in terms of the developability and 
minimality conditions. Finally, we give an example and picture the corresponding graphs of ruled 
surfaces. 
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